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A group G is s-self dual if every subgroup of G is isomorphic to a
quotient of G . It is q-self dual if every quotient of G is isomorphic
to a subgroup of G . It is self dual if it is both s-self dual and q-
self dual. In this paper, the structure of ﬁnite self dual groups is
determined.
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1. Introduction
A group G is s-self dual if every subgroup of G is isomorphic to a quotient of G . It is q-self dual if
every quotient of G is isomorphic to a subgroup of G . It is self dual if it is both s-self dual and q-self
dual. The study of ﬁnite self dual groups was initiated by Spencer in [6]. He obtained the following
results:
Theorem 1.1. A ﬁnite group G is self dual if and only if G is nilpotent and all Sylow subgroups of G are self
dual.
Theorem 1.2. If P is a ﬁnite p-group, then each subgroup of P is self dual if and only if P is abelian or
P = H × K , where H is the extraspecial group of order p3 and exponent p, and K is elementary abelian.
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36 L.J. An et al. / Journal of Algebra 341 (2011) 35–44By Theorem 1.1, to study ﬁnite self dual groups, we only need to study ﬁnite self dual p-groups.
A natural question is: what is the structure of ﬁnite self dual p-groups? In fact, classifying such groups
is Problem 706 proposed by Berkovich and Janko in [1].
In this paper, the structure of ﬁnite s-self dual groups is determined, and as a by-product, the
structure of ﬁnite self dual groups is also determined. Naturally we propose the following
Question. What is the structure of q-self dual groups?
2. Preliminaries
Let G be a ﬁnite p-group. We use c(G) and d(G) to denote the nilpotency class of G and the
minimal number of generators respectively. We deﬁne Ω1(G) = 〈a ∈ G | ap = 1〉 and 1(G) = 〈ap |
a ∈ G〉. Let
G > G2 > · · · > Gc+1 = 1
denote the lower central series of G , where c = c(G). We use Cn and Cmn to denote the cyclic group
and the direct product of m cyclic groups of order n, respectively.
If G is a ﬁnite group, then G is minimal non-abelian if G is non-abelian, but every proper subgroup
of G is abelian.
We use Mp(m,n) to denote groups 〈a,b | apm = bpn = 1, ab = a1+pm−1 〉, where m  2. We use
Mp(m,n,1) to denote groups 〈a,b, c | apm = bpn = cp = 1, [a,b] = c, [c,a] = [c,b] = 1〉, where m  n,
and if p = 2, then m + n 3. For other notation and terminology the reader is referred to [3].
Theorem 2.1. (See [5].) If G is a minimal non-abelian p-group, then G is Q 8 , Mp(m,n), or Mp(m,n,1).
Theorem 2.2. (See [8, Lemma 2.2].) If G is a ﬁnite p-group, then the following conditions are equivalent:
(1) G is a minimal non-abelian p-group;
(2) d(G) = 2 and |G ′| = p;
(3) d(G) = 2 and Z(G) = Φ(G).
Lemma 2.3. (See [7, Chapter IV, Proposition 1.5].) Let G be a group having subgroups A, B,C, and let N  G. If
[B,C, A] N and [C, A, B] N, then [A, B,C] N.
A right operator group is a triple (G,Ω,α) consisting of a group G , a set Ω called the operator
domain, and a function α : G × Ω → G such that g → (g,ω)α is an endomorphism of G for each
ω ∈ Ω . We write gω for (g,ω)α and speak of the Ω-group G if the function α is understood. If G is
an Ω-group, an Ω-subgroup of G is a subgroup H which is Ω-admissible. Namely, hω ∈ H for h ∈ H





for all g ∈ G and ω ∈ Ω . We also speak of Ω-endomorphisms (Ω-homomorphisms from a group to
itself) and Ω-automorphisms (bijective Ω-endomorphisms).
Theorem 2.4. (See [7, Chapter III, Theorem 2.14].) If G is a ﬁnite Ω-group, then G can be expressed as a direct
product of ﬁnitely many non-trivial Ω-subgroups:
G = H1 × · · · × Hr .
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Ω-automorphism α of G such that, after suitable relabeling of the K j ’s if necessary, Hαi = Ki and G = K1 ×· · · × Kk × Hk+1 × · · · × Hr for k = 1,2, . . . , r.
Lemma 2.5. (See [7, Chapter I, Theorem 5.7].) If K is a subgroup of a group G, then NG(K )/CG(K ) is isomorphic
to a subgroup of Aut(K ).
Lemma 2.6. If G is a group of order pn where n 4, then G has an abelian normal subgroup of order p3 .
Proof. Let K be an abelian normal subgroup of G with order p2. Then Lemma 2.5 shows that
G/CG (K ) is isomorphic to a subgroup of Aut(K ). It follows that |G/CG (K )|  p, and hence
|CG(K )|  p3. Thus there is a normal subgroup N of G contained in CG (K ) with order p3. It is
easy to see that N is abelian. 
3. Properties and examples of ﬁnite s-self dual p-groups
First, we give some properties of ﬁnite s-self dual p-groups.
Proposition 3.1. Let G be a ﬁnite s-self dual p-group.
(1) If H  G, then d(H) d(G).
(2) exp(G) = exp(G/G ′).
(3) If K is an abelian subgroup of G, then |K | |G/G ′|.
(4) If K is an abelian subgroup of G and |K | = |G/G ′|, then K ∼= G/G ′ .
(5) G/Gn is s-self dual.
(6) G/1(G ′) is s-self dual.
Proof. (1) Since G is s-self dual, H is isomorphic to a quotient of G . Assume that H ∼= G/N . Then
d(H) = d(G/N) d(G).
(2) Take a ∈ G such that o(a) = exp(G). Since G is s-self dual, 〈a〉 is isomorphic to a quo-
tient of G . Assume that 〈a〉 ∼= G/N . Since G/N is abelian, G ′  N . Then G/N ∼= (G/G ′)/(N/G ′),
and hence exp(G/N)  exp(G/G ′). Then exp(G) = o(a) = exp(G/N)  exp(G/G ′). On the other hand,
exp(G/G ′) exp(G). Hence exp(G) = exp(G/G ′).
(3) Since G is s-self dual, K is isomorphic to a quotient of G . Assume that K ∼= G/N . Since G/N is
abelian, G ′  N . Hence |K | = |G/N| |G/G ′|.
(4) If follows from the proof of (3).
(5) Let L/Gn  G/Gn . Then L  G . Since G is s-self dual, L is isomorphic to a quotient of G . Assume
that L ∼= G/M . Then L/Gn is isomorphic to a quotient of G/M . Let L/Gn ∼= (G/M)/(N/M) ∼= G/N . Since
c(G/Gn) = n − 1, we have c(L/Gn)  n − 1. It follows that c(G/N)  n − 1, and hence Gn  N . Then
L/Gn ∼= G/N ∼= (G/Gn)/(N/Gn). By the arbitrariness of L/Gn , G/Gn is also s-self dual.
(6) Let L/1(G ′)  G/1(G ′). Then L  G . Since G is s-self dual, L is isomorphic to a quo-
tient of G . Assume that L ∼= G/M . Then L/1(G ′) is isomorphic to a quotient of G/M . Let
L/1(G ′) ∼= (G/M)/(N/M) ∼= G/N . Since exp(G/1(G ′))′ = p, we have exp(L/1(G ′))′ = p. It follows
that exp(G/N)′ = p, and hence 1(G ′) N . Then L/1(G ′) ∼= G/N ∼= (G/1(G ′))/(N/1(G ′)). By the
arbitrariness of L/1(G ′), G/1(G ′) is also s-self dual. 
Lemma 3.2. If H × 〈a〉 is a ﬁnite s-self dual p-group, then every maximal subgroup of H is isomorphic to a
quotient of H.
Proof. Let G = H×〈a〉 and let L be a maximal subgroup of H . Then L×〈a〉 is also a maximal subgroup
of G . Since G is s-self dual, L × 〈a〉 is isomorphic to a quotient of G . Assume that L × 〈a〉 ∼= G/M and
|〈a〉| = pk .
If M  H , then G/M ∼= H/M × 〈a〉. Theorem 2.4 gives that L ∼= H/M .
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|T | = |H|, (bM)pk = M and [b, T ] ∈ M . Since |G/H| = pk , we deduce that bpk ∈ H . It follows from
(bM)p
k = M that bpk ∈ M . Hence bpk ∈ H ∩ M = 1. It follows that 〈b〉 ∼= Cpk . Since G ′  H , [b, T ] ∈
H ∩ M = 1. It follows that G = T ×〈b〉. Theorem 2.4 gives that T ∼= H . Since L ∼= T /M , L is isomorphic
to a quotient of H . 
Lemma 3.3. If H × 〈a〉 is a ﬁnite s-self dual p-group, then every subgroup of H is isomorphic to a quotient
of H. In particular, H is also s-self dual.
Proof. Let L be a proper subgroup of H . We argue by induction on |H : L|. Let K be a subgroup of
H such that L is maximal in K . Since |H : K | < |H : L|, by induction K is isomorphic to a quotient
of H . Assume that K ∼= H/N and T /N is a maximal subgroup of H/N which is isomorphic to L. Then
T is maximal in H . By Lemma 3.2, T is isomorphic to a quotient of H . Assume that T ∼= H/P . Since
L ∼= T /N , L is isomorphic to a quotient of H/P . Assume that L ∼= (H/P )/(M/P ). Then L ∼= H/M . 
Theorem 3.4. If H × M is a ﬁnite s-self dual p-group, where M is abelian, then H is also s-self dual.
Proof. Since M can be expressed as a direct product of cyclic groups, H is s-self dual by
Lemma 3.3. 
Deﬁnition 3.5. A group G is basic s-self dual if G is s-self dual and H ′ < G ′ for every proper subgroup
H of G .
Theorem 3.6. If G is a ﬁnite s-self dual p-group, and H is a minimal element of the set {H | H ′ = G ′}, then
there is a subgroup M of Z(G) such that G = H × M. Moreover, H is basic s-self dual.
Proof. Since G is s-self dual, H is isomorphic to a quotient of G . Assume that G/M ∼= H . It follows
from G ′ = H ′ ∼= (G/M)′ = G ′M/M ∼= G ′/(M∩G ′) that G ′ ∩M = 1. Since [M,G] G ′ ∩M = 1, M  Z(G).
By the minimality of H , for every proper subgroup K/M of G/M , we have (K/M)′ < (G/M)′ . Also
(HM/M)′ = H ′M/M ∼= H ′/(H ′ ∩ M) ∼= H ′ ∼= (G/M)′ . Hence HM/M is not a proper subgroup of G/M .
It follows that G = HM . Since H ∼= G/M = HM/M ∼= H/(H ∩ M), we deduce that H ∩ M = 1. Hence
G = H × M . Finally, Theorem 3.4 gives that H is basic s-self dual. 
We give two examples of ﬁnite non-abelian s-self dual p-groups. If G = Mp(1,1,1) × Ckp , then
every subgroup of G is self dual by Theorem 1.2. Hence G is s-self dual and self dual. We prove below
that if G = Mp(n,n) × M , where M is abelian and exp(M) < pn , then G is s-self dual but not q-self
dual. In fact, these two examples are the only ﬁnite non-abelian s-self dual p-groups. We start with
a lemma.
Lemma 3.7. Let G = H × M be a ﬁnite p-group, where H ∼= Mp(n,n), M is abelian and exp(M) < pn. If
x, y ∈ G such that [x, y] = 1, then 〈x, y〉 ∼= Mp(n,n) and G = 〈x, y〉 × M.
Proof. Let H = 〈a,b | apn = bpn = 1, [a,b] = apn−1 〉. Since Z(G) = Z(H)×M = 〈ap,bp〉×M , we deduce
that G/Z(G) = 〈aZ(G),bZ(G)〉 is elementary abelian of order p2. Since [x, y] = 1, we have x, y /∈ Z(G)
and 〈xZ(G), yZ(G)〉 = 〈aZ(G),bZ(G)〉 = G/Z(G). Hence 〈x, y〉 = 〈az1,bz2〉, where z1, z2 ∈ Z(G). With-
out loss of generality, we let x = az1, y = bz2. Since exp(Z(G)) < pn , [x, y] = [az1,bz2] = apn−1 = xpn−1 .
Hence 〈x, y〉 = 〈x, y | xpn = ypn = 1, [x, y] = xpn−1 〉 ∼= Mp(n,n).
Observe that Ω1(〈x, y〉) = 〈xpn−1 , ypn−1 〉 = 〈apn−1 ,bpn−1 〉 and Ω1(〈x, y〉 ∩ M)  Ω1(〈x, y〉) ∩ M =
〈apn−1 ,bpn−1 〉 ∩ M = 1. It follows that 〈x, y〉 ∩ M = 1. Hence G = 〈x, y〉 × M . 
Example 3.8. If G = H × M is a ﬁnite p-group, where H ∼= Mp(n,n), M is abelian and exp(M) < pn ,
then G is s-self dual but not q-self dual.
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der p2. Since Z(G) is contained in every maximal abelian subgroup of G , there is a bijection from
the set of maximal abelian subgroups of G to the set of maximal subgroups of G/Z(G). Hence there
are 1 + p maximal abelian subgroups in G . Let H = 〈a,b | apn = bpn = 1, [a,b] = apn−1 〉. The maximal
abelian subgroups of G are: 〈ap〉 × 〈b〉 × M and 〈bp〉 × 〈abi〉 × M , where i = 0,1, . . . , p − 1. Each is
isomorphic to G/G ′ .
We now prove that every proper subgroup L of G is isomorphic to a quotient of G .
If L is abelian, then there is a maximal abelian subgroup K of G such that L  K . The proof given
above shows that K ∼= G/G ′ . By Theorem 1.2, K is self dual. It follows that L is isomorphic to a
quotient of K . Hence L is isomorphic to a quotient of G/G ′ . Assume that L ∼= (G/G ′)/(N/G ′). Then
L ∼= G/N .
If L is not abelian, then there exist x, y ∈ L such that [x, y] = 1. By Lemma 3.7, G = 〈x, y〉 × M .
Then L = L ∩ G = L ∩ (〈x, y〉 × M) = 〈x, y〉 × (L ∩ M). Since M is abelian, Theorem 1.2 gives that M
is self dual. It follows that L ∩ M is isomorphic to a quotient of M . Assume that L ∩ M ∼= M/N . Then
L = 〈x, y〉 × (L ∩ M) ∼= (〈x, y〉 × M)/N = G/N .
Finally we prove that G is not q-self dual. Let N = 〈bp〉×M . Then G/N ∼= Mp(n,1). Lemma 3.7 gives
that every non-commuting pair of elements of G generates Mp(n,n). It follows that no subgroup of
G is isomorphic to G/N , so G is not q-self dual. 
4. Finite s-self dual p-groups generated by two elements
By Proposition 3.1(1), if G is a ﬁnite s-self dual p-group generated by two elements, then all sub-
groups of G are generated by at most two elements. Finite p-groups whose subgroups are generated
by at most two elements have been classiﬁed by [2] and [8]. By checking [8, Main Theorem], we
obtain the following.
Lemma 4.1. Let G be a ﬁnite p-group. If all subgroups of G are generated by at most two elements, then G is
one of the following:
(1) a metacyclic p-group;
(2) Mp(1,1,1);
(3) a 3-group of maximal class having nilpotency class greater than 2 except 〈a, c | a9 = b3 = c3 = 1,
[a, c] = b, [a,b] = a3 , [b, c] = 1〉;
(4) 〈a,b, c | ap2 = bp = 1, cp = aαp, [a, c] = b, [a,b] = ap, [b, c] = 1〉, where p  5, α = 1 or a ﬁxed
quadratic non-residue modulo p.
We start with metacyclic p-groups. The following lemma describes them.




r+s+u = 1, bpr+s+t = apr+s , ab = a1+pr 〉
where r, s, t, u are non-negative integers with r  1 and u  r. Different values of the parameters r, s, t and u
give non-isomorphic metacyclic p-groups.
Furthermore, G is split if and only if either s = 0, or t = 0, or u = 0.
(2) Let G be a metacyclic 2-group. Then G is one of the following.
(I) G = 〈a,b: a2v+t′+u+1 = 1, b2t+1 = a2v+t′+1 , ab = a−1+2v+u+1 〉, where v, t, t′ and u are non-negative
integers with u  1, t′  1, tt′ = tv = ut′ = 0 and if t + u + v = 0, then t′ = 0.
(II) Ordinary metacyclic 2-group: G = 〈a,b: a2r+s+u = 1, b2r+s+t = a2r+s , ab = a1+2r 〉, where r, s, t, u are
non-negative integers with r  2 and u  r.
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r, s, v, t, t′, u are non-negative integers with r  2, t′  r, u  1, tt′ = sv = tv = 0, and if t′  r − 1
then u = 0.
Groups of different types, or of the same type but with different values of parameters, are not isomorphic to
each other.
A Type (I) group G = C2 × C2 is split if and only if (t,u) = (0,1); a Type (II) group is split if and only if
either s = 0, or t = 0, or u = 0; a Type (III) group is split if and only if u = 0.
Lemma 4.3. If G is a metacyclic p-group, then G is s-self dual if and only if G is abelian or G ∼= Mp(n,n).
Proof. If G is abelian or G ∼= Mp(n,n), then G is s-self dual by Theorem 1.2 and Example 3.8. We only
need to prove the necessity.
(1) Assume p is odd. By Lemma 4.2, we may let G = 〈a,b | apr+s+u = 1, bpr+s+t = apr+s ,
b−1ab = a1+pr 〉, where r, s, t , u are non-negative integers with r  1 and u  r.
Let H1 = 〈aps+u ,b〉 and H2 = 〈aps+u−1 ,bp〉. By calculation, H1 and H2 are abelian. Since G/G ′
has type invariant (pr+s+t , pr) and |H1| = |H2| = |G/G ′| = p2r+s+t , Proposition 3.1 gives that H1 ∼=
H2 ∼= G/G ′ . It follows that exp(H1) = exp(H2) = exp(G/G ′) = pr+s+t . Since exp(H1) = pr+s+t+u and
exp(H2) = max{pr+1, pr+s+t+u−1}, we have r + s + t + u = r + 1 and u = 0. Hence s + t = 1.
If s = 0 and t = 1, then G ′ = 1, and hence G is abelian. If s = 1 and t = 0, then |G ′| = p. In this
case G = 〈a,b | apr+1 = 1,bpr+1 = 1, b−1ab = a1+pr 〉 ∼= Mp(r + 1, r + 1).
(2) Assume p = 2. If G is a group of Type (I) in Lemma 4.2, then G has cyclic maximal subgroup.
It is easy to see that G is abelian.
If G is a group of Type (II) in Lemma 4.2, then G ∼= M2(n,n) by a method similar to (1).
If G is a group of Type (III) in Lemma 4.2, then we may let G = 〈a,b | a2r+s+v+t′+u = 1,
b2
r+s+t = a2r+s+v+t′ , ab = a−1+2r+v 〉, where r, s, v, t, t′, u are non-negative integers with r  2,
t′  r, u  1, tt′ = sv = tv = 0, and if t′  r − 1 then u = 0. Let H1 = 〈a2r+s+v+t
′+u−1
,b〉 and H2 =
〈a2r+s+v+t′+u−2 ,b2〉. By calculation, H1 and H2 are abelian and |H1| = |H2| = |G/G ′| = 2r+s+t+1. It fol-
lows from Proposition 3.1 that H1 ∼= H2, and hence exp(H1) = exp(H2). Since exp(H1) = 2r+s+t+u and
exp(H2) = max{22,2r+s+t+u−1}, we have r + s + t + u = 2. Since r  2 and r, s, t , u are non-negative
integers, we have r = 2, s = t = u = 0. In this case G = 〈a,b | a2r+v+t′ = 1, b2r = 1, ab = a−1+2r+v 〉. It
follows from Proposition 3.1(2) that t′ + v = 0. Thus G = 〈a,b | a4 = b4 = 1, [a,b] = a2〉 ∼= M2(2,2). 
Theorem 4.4. If G is a ﬁnite non-abelian p-group generated by two elements, then G is s-self dual if and only
if G is isomorphic to Mp(1,1,1) or Mp(n,n).
Proof. We only need to check those groups listed in Lemma 4.1.
(1) If G is metacyclic, then it follows from Lemma 4.3 that G ∼= Mp(n,n).
(2) If G ∼= Mp(1,1,1), then G is s-self dual.
(3) If G is a 3-group of maximal class having nilpotency class greater than 2, then |G|  34. It
follows from Lemma 2.6 that G has an abelian normal subgroup of order p3. Since |G/G ′| = p2,
Proposition 3.1(3) gives that G is not s-self dual.
(4) G = 〈a,b, c | ap2 = bp = 1, cp = aαp, [a, c] = b, [a,b] = ap, [b, c] = 1〉, where p  5, α = 1 or a
ﬁxed quadratic non-residue modulo p. In this case, G has an abelian maximal subgroup H = 〈ap〉 ×
〈b〉 × 〈c〉, and |G/G ′| = p2. It follows from Proposition 3.1(3) that G is not s-self dual. 
5. The lower central series of a ﬁnite p-group
First, we need a theorem about symplectic bilinear mappings.
Deﬁnition 5.1. Let V , W be ﬁnite-dimensional vector spaces over a ﬁeld F and let f be a symplectic
bilinear mapping of V × V into W . For v ∈ V , deﬁne
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Then v⊥ is an F-subspace of V , and since f is symplectic, Fv ⊆ v⊥ .
Theorem 5.2. (See [4, Chapter VIII, Theorem 9.8].) Let V , W be ﬁnite-dimensional vector spaces over a ﬁeld
F and let f be a symplectic bilinear mapping of V × V into W . Suppose that f (X, X) ⊂ f (V , V ) for every
proper subspace X of V . Then V is spanned by
{
v
∣∣ v ∈ V , v⊥ = Fv}.
Lemma 5.3. Let V ,W be ﬁnite-dimensional vector spaces over a ﬁeld F and let f be a symplectic bilinear
mapping of V × V into W . Suppose that the dimension of f (V , V ) is k.
(1) There is a subspace S of V such that f (S, S) = f (V , V ) and the dimension of S does not exceed k + 1.
(2) Let k  2 and let S be a (k + 1)-dimensional subspace of V such that f (S, S) = f (V , V ). If f (X, X) ⊂
f (S, S) = f (V , V ) for every proper subspace X of S, then S has a 2-dimensional subspace A such that
f (A, A) = 0.
Proof. (1) Let S be a subspace of V such that f (S, S) = f (V , V ) and f (X, X) ⊂ f (S, S) = f (V , V ) for
every proper subspace X of S . It follows from Theorem 5.2 that S is spanned by
{
s
∣∣ s ∈ S, s⊥ = Fs}.
Let s1, s2, . . . , sd be a basis of S , where s⊥i = Fsi (i = 1,2, . . . ,d). We only need to prove that
d  k + 1. Otherwise, d  k + 2. Since the dimension of f (S, S) = f (V , V ) is k, we deduce that
f (s1, s2), f (s1, s3), . . . , f (s1, sd) are linearly dependent. Hence there exists a non-trivial linear com-
bination t = j2s2 + j3s3 + · · · + jdsd such that f (s1, t) = 0, contrary to s⊥1 = Fs1.
(2) Assume the contrary. We claim that if a1,a2, . . . ,ak+1 is a basis of S , then f (a1,a2), f (a1,a3),
. . . , f (a1,ak+1) are linearly independent. (Otherwise, consider a non-trivial linear combination β =
j2a2 + j3a3 + · · · + jk+1ak+1 such that j2 f (a1,a2) + j3 f (a1,a3) + · · · + jk+1 f (a1,ak+1) = 0. Let A be
the subspace generated by a1 and β . Then A is a 2-dimensional subspace of S such that f (A× A) = 0,
a contradiction.)
Then f (S, S) = L( f (a1,a2), f (a1,a3), . . . , f (a1,ak)) ⊕ L( f (a1,ak+1)). Similarly, f (S, S) =
L( f (a2,a1), f (a2,a3), . . . , f (a2,ak)) ⊕ L( f (a2,ak+1)).
Let M = L( f (a1,a2), f (a1,a3), . . . , f (a1,ak)) and N = L( f (a2,a1), f (a2,a3), . . . , f (a2,ak)). If
M = N , letting X = L(a1,a2, . . . ,ak), then f (X, X) = f (S, S), contrary to the hypothesis. Hence we
have M = N .
Let f (a2,ak+1) = i f (a1,ak+1) + m where m ∈ M . Then f (a2 − ia1,ak+1) = m ∈ M . Let a′2 =
a2 − ia1 and N ′ = L( f (a′2,a1), f (a′2,a3), . . . , f (a′2,ak)). Then M = L( f (a1,a′2), f (a1,a3), . . . , f (a1,ak))
and N ′ = M . Since f (a′2,ak+1) ∈ M = N ′ , f (a′2,a1), f (a′2,a3), . . . , f (a′2,ak+1) are linearly dependent,
contrary to the above assertion. 
Lemma 5.4. If G is a ﬁnite p-group, c(G) = 2 and G ′ ∼= Ckp , then G has a subgroup K such that K ′ = G ′ and
d(K ) k + 1.
Proof. Since G ′ ∼= Ckp , it may be viewed as a k-dimensional linear space over GF (p). Let G = G/Φ(G).
Then G may be considered as a linear space over GF (p). Let f be a mapping from G × G to G ′
such that f (g,h) = [g,h] for all g,h ∈ G . It follows from c(G) = 2 that f is a symplectic bilinear
mapping and f (G,G) = G ′ . By Lemma 5.3(1), there is a subspace K of G such that f (K , K ) = G ′
and the dimension of K does not exceed k + 1. Assume that K = L(x1, x2, . . . , xs), where s k + 1. If
K = 〈x1, x2, . . . , xs〉, then K ′ = G ′ , and d(K ) k + 1. 
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d(K ) k + 1.
Proof. Let G = G/1(G ′). Then G ′ ∼= Ckp . It follows from Lemma 5.4 that G has a subgroup K such that
K ′ = G ′ and d(K ) k+1. Assume that K = 〈a1,a2, . . . ,as〉 where s k+1, and let K = 〈a1,a2, . . . ,as〉.
Then K ′1(G ′) = G ′ . Hence K ′ = G ′ and d(K ) k + 1. 
Theorem 5.6. If G is a ﬁnite non-abelian p-group and |G ′| = pk, then G has a subgroup K such that d(K )
k + 1 and Kn = Gn for all 2 n c(G).
Proof. We argue by induction on c = c(G). If c = 2, then the result follows from Lemma 5.5. We
assume that c  3. Suppose that |Gc | = ps , and let G = G/Gc . Then c(G) = c − 1 and |G ′| = pk−s .
By induction, G has a subgroup H such that d(H)  k − s + 1 and Hn = Gn for all 2  n  c − 1.
Assume that H = 〈a1,a2, . . . ,at〉 where t  k − s + 1, and let H = 〈a1,a2, . . . ,at〉. Then HnGc = Gn for
all 2 n c.
First, we assume that Φ(Gc) = 1, namely, Gc is elementary abelian. Since Gc = [Gc−1,G] =
[Hc−1Gc,G] = [Hc−1,G], there exist hi ∈ Hc−1 and gi ∈ G such that Gc = 〈[hi, gi] | i = 1,2, . . . , s〉.
Let K = 〈H, g1, g2, . . . , gs〉. Then Kc  [Hc−1, K ]  Gc . Obviously, Kn  Hn and Kn  Kc = Gc for all
2 n c. It follows that Kn  HnGc = Gn and hence Kn = Gn .
Now assume that |Φ(Gc)| = pu where u  1, and let G˜ = G/Φ(Gc). Then G˜ ′ is elementary abelian
and |G˜ ′| = pk−u . By the case of Φ(Gc) = 1, G˜ has a subgroup K˜ such that d(K˜ ) k−u+1 and K˜n = G˜n
for all 2 n  c. Assume that K˜ = 〈b˜1, b˜2, . . . , b˜v〉 where v  k − u + 1, and let K = 〈b1,b2, . . . ,bv〉.
Then KnΦ(Gc) = Gn for all 2  n  c. Since Φ(Gc)  Φ(Gn), we deduce that Kn = Gn for all 2 
n c. 
6. Finite s-self dual p-groups with elementary abelian derived group
Lemma 6.1. If G is a basic ﬁnite s-self dual p-group, c(G) = 2 and exp(G ′) = p, then |G ′| = p.
Proof. Assume that |G ′| = pk . Then d(G)  k + 1 by Theorem 5.6 and Deﬁnition 3.5. Since c(G) = 2,
G ′  Z(G) and G ′ ∼= Ckp . It follows from Proposition 3.1(1) that d(G)  d(G ′) = k. Hence d(G) = k or
k + 1.
If d(G) = k, letting a be an element of G with maximal order, then 〈a〉 is isomorphic to a quotient
of G since G is s-self dual. Assume that 〈a〉 ∼= G/N = 〈bN〉. Then b is also an element of G with
maximal order and 〈b〉 ∩ N = 1. Since G ′  N , we have 〈b〉 ∩ G ′ = 1. Hence 〈b,G ′〉 = G ′ × 〈b〉 is an
abelian group generated by k+ 1 elements, which is contradicted by Proposition 3.1(1). Hence d(G) =
k + 1.
To prove |G ′| = p, we only need to prove k = 1. Assume that k  2. Since G ′ ∼= Ckp , it may be
viewed as a k-dimensional linear space over GF (p). Let G = G/Φ(G). Then G may be viewed as
a (k + 1)-dimensional linear space over GF (p). Let f be a mapping from G × G to G ′ such that
f (g,h) = [g,h] for all g,h ∈ G . It follows from c(G) = 2 that f is a symplectic bilinear mapping
and f (G,G) = G ′ . Since G is basic s-self dual, f (X, X) ⊂ G ′ for every proper subspace X of G . By
Lemma 5.3(2), G has a 2-dimensional subspace A such that f (A, A) = 0. Assume that A = L(x1, x2)
and let A = 〈x1, x2,Φ(G)〉. Then |G/A| = pk−1, and hence |A| = |G|pk−1 . Since c(G) = 2 and exp(G ′) = p,




= |G/G ′|, which is contra-
dicted by Proposition 3.1(3). 
Corollary 6.2. If G is a ﬁnite s-self dual p-group, c(G) = 2 and exp(G ′) = p, then |G ′| = p.
Proof. By Theorem 3.6, G is a direct product of H and M , where H is basic s-self dual and M is
abelian. Lemma 6.1 shows that |H ′| = p. Hence |G ′| = p. 
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Proof. By Corollary 6.2, we only need to prove c(G) = 2. Otherwise, let G be a counter-example
with minimal order. It follows from Theorem 3.6 that G is a basic ﬁnite s-self dual p-group. By
Proposition 3.1(5) and the minimality of G , c(G) = 3.
Let G = G/G3. Then c(G) = 2. By Proposition 3.1(5), G is s-self dual. Since exp(G ′) = p,
exp(G ′) = p. Then |G ′| = p by Corollary 6.2. Assume that G ′ = 〈[a,b]〉. Then we may let G =
〈a,b〉 × 〈c1〉 × · · · × 〈ct〉 by Theorem 3.6. Moreover, we may let G = 〈a,b, c1, c2, . . . , ct〉. Since
|G ′/G3| = |G ′| = p, we have G ′ = 〈[a,b],G3〉. Since [a, ci] ∈ G3  Z(G), [a, ci,b] = 1. This also implies
that [ci,b,a] = 1. By Lemma 2.3, [b,a, ci] = 1. Hence G3 = [G ′,G] = 〈[b,a, ci], [b,a,a], [b,a,b]〉 =
〈[b,a,a], [b,a,b]〉. If S = 〈a,b〉, then S ′ = G ′ . Since G is basic s-self dual, G = S = 〈a,b〉. By Theo-
rem 4.4, G is Mp(1,1,1) or Mp(n,n), which contradicts c(G) = 3. 
The following theorem describes the structure of a ﬁnite s-self dual p-group whose derived group
is elementary abelian.
Theorem 6.4. If G is a ﬁnite s-self dual p-group with elementary abelian derived group, then G is isomorphic
to one of the following:
(1) Mp(1,1,1) × M, where M is abelian and exp(M) p;
(2) Mp(n,n) × M, where M is abelian and exp(M) < pn.
Proof. By Lemma 6.3, |G ′| = p. Let H be a minimal non-abelian subgroup of G . Then H is a minimal
element of the set {H | H ′ = G ′}. By Theorem 3.6, there is a subgroup M of Z(G) such that G = H ×M
and H is basic s-self dual. It follows from Theorem 4.4 that H is isomorphic to Mp(1,1,1) or Mp(n,n).
(1) If H is isomorphic to Mp(1,1,1), then G ∼= Mp(1,1,1) × M . In this case, we claim that G is
s-self dual if and only if exp(M) p.
Suﬃciency follows from Theorem 1.2. We only need to prove the necessity. Take d ∈ M such that
o(d) = exp(M), and let A = 〈ad,b〉. Then A is minimal non-abelian by Theorem 2.2. Hence A is a
minimal element of the set {H | H ′ = G ′}. By Theorem 3.6, there is a subgroup L of Z(G) such that G =
A × L and A is basic s-self dual. Since A cannot be isomorphic to Mp(n,n), we have A ∼= Mp(1,1,1).
Hence exp(M) = o(d) p.
(2) If H is isomorphic to Mp(n,n), then G ∼= Mp(n,n) × M . In this case, we claim that G is s-self
dual if and only if exp(M) < pn .
Suﬃciency follows from Example 3.8. We only need to prove the necessity. Take c ∈ M such
that o(c) = exp(M), and let K = 〈ac,b〉. Then K is minimal non-abelian by Theorem 2.2. Hence
K is a minimal element of the set {H | H ′ = G ′}. By Theorem 3.6, there is a subgroup L of Z(G)
such that G = K × L and K is basic s-self dual. Since K cannot be isomorphic to Mp(1,1,1), we
have K ∼= Mp(n,n). Hence exp(M) = o(c)  pn . If exp(M) = pn , then K = 〈ac,b | (ac)pn = bpn = 1,
[ac,b] = apn−1 〉  Mp(n,n). Hence we have exp(M) < pn . 
7. Finite s-self dual groups and self dual groups
Now we determine the structure of ﬁnite s-self dual p-groups.
Theorem 7.1. If G is a ﬁnite s-self dual p-group, then G is isomorphic to one of following:
(1) an abelian p-group;
(2) Mp(1,1,1) × M, where M is abelian and exp(M) p;
(3) Mp(n,n) × M, where M is abelian and exp(M) < pn.
Proof. Assume G is not abelian and let H be a minimal element of the set {H | H ′ = G ′}. By Theo-
rem 3.6, there is a subgroup M of Z(G) such that G = H×M and H is basic s-self dual. It follows from
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Theorem 6.4 shows that |H/1(H ′))′| = |H ′/1(H ′)| = p. Hence H ′ is cyclic. Moreover, there exist
a,b ∈ H such that 〈[a,b]〉 = H ′ . The minimality of H implies that H = 〈a,b〉. Theorem 4.4 shows that
|H ′| = p. Hence G is (2) or (3) by Theorem 6.4. 
Corollary 7.2. If P is a ﬁnite p-group, then P is self dual if and only if P is abelian or P ∼= Mp(1,1,1) × M,
where M is abelian and exp(M) p.
Proof. It follows from Theorem 7.1 and Example 3.8. 
Theorem 7.3. A ﬁnite group G is s-self dual if and only if G is nilpotent and all Sylow subgroups of G are s-self
dual.
Proof. Let p1α1 p2α2 · · · psαs be the standard factorization of |G|.
Necessity: Let Pi ∈ Sylpi (G). Since G is s-self dual, Pi is isomorphic to a quotient of G . It follows
that G is pi-nilpotent. Hence G is nilpotent. Suppose that Hi is a subgroup of Pi . Since G is s-self
dual, Hi is isomorphic to a quotient of G . Assume that Hi ∼= G/Ni . Since G/Ni is a pi-subgroup,
G = PiNi . It follows that Hi ∼= PiNi/Ni ∼= Pi/Pi ∩ Ni . Hence Pi is also s-self dual.
Suﬃciency: Let G = P1 × P2 × · · · × Ps , where Pi ∈ Sylpi (G). If H is a subgroup of G , then H =
H1 × H2 × · · · × Hs , where Hi  Pi , i = 1,2, . . . , s. Since Pi is s-self dual, there exist Ni  Pi such
that Pi/Ni ∼= Hi . Then G/(N1 × N2 × · · · × Ns) = (P1 × P2 × · · · × Ps)/(N1 × N2 × · · · × Ns) ∼= P1/N1 ×
P2/N2 × · · · × Ps/Ns ∼= H1 × H2 × · · · × Hs = H . Hence G is also s-self dual. 
By Theorems 7.1 and 7.3, the structure of ﬁnite s-self dual groups is completely determined. By
Theorem 1.1 and Corollary 7.2, the structure of ﬁnite self dual groups is completely determined.
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